PROBLEMS OF MATHEMATICS WITH SOLUTIONS

MATEMATICS - IX
(symbol AL - IX)

AL - IX. 001 Find the real numbers a with property

[ 1} 5a—1
a+—|=
2 3
3 1 4
Y H 7 H

, and the interval which contains the solution.

13 2
—,— e)| 0,— 1,00
1) o] e
Solution:7
-1 K+1
We designate > =K, hence KeN. We have 5a—1=3K, a= 3 s
and
K+ K+ 1 4
Hence 6 ! =K.ButK£6 7<K+1 and we obtain a € {—,— ;.
10 10 55
Correct answer b.
AL - I1X. 004 Solve the equation
slx?]-3x]+2=0
a) xe[l,\/g) b) xe(l,\/i) c) xe(O,l)
d) xe(0,1] ) xeg nxep22)

Solution: We have:

(D x—l<[x]§x,VxeN
2) x2—1<[x2:|£x2,VxeN.
We multiplicate relation (1) by -3 and relation (2) by 5 and it results
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(3) -3x<-3[x]<-3x+2

(4) 5x*-5<5[x* |<5x7; If we add (3) and (4) =

(5) 5x2—3x—3<5[x2}3[x]+2<5x2—3x+5.Because
5[x2]—3[x]+2=0,(S)becomes

5x2-3x-3<0<5x%-3x+5 = xe[

10 10

3-4/69 3+J@J

It results:
[X] =-1 or [x] =0 or [X] = 1. For the firsts two values, it is not verify the initial equation.

Hence [x]=1 = xe[l,Z) = x° e[l,4).1tresults [xz]ZI or [xz]:z or

[x*]=3

The solution is not verify for any of above values.
Correct answer is e.

2 —
AL - IX. 009 Find m & Z /{0} for which the equation {m ; 1} = 2’“5”, has
solutions and determine the number of solutions.
a)n =2; b) n =3; c)n=4; d)n=5, e)n=1; f)n=0
Solution:
2 —
2x+1:k and 2x+1£m X 1<2x+1+1
5 2 5
U U
x= —Sk -1 and 27 < 127
| 2 Sm®—4 Sm°—4 |
U
7 < S5k—1 17
5m*—4 2 5m* —4
U
2 2
%) Sm~ +10 < Sm” +30
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Since the left member is positive, it is necessary that

5m? 430 )

5
5 >1< m” <—=2,5 to have solutions
5 (Sm - 4) 2

The only integer numbers #0 which verify the above relation are m = £1.
For m = +£1, (*) becomes:
3<k<7 < ke{3,45,6}

We have 4 solutions.
The correct answer is c.

AL - IX. 015 Find the values of real parameter such that
{x eR :(m—l))c2 —<m+l)x+m+l>0} =0.

a) me (— oo,—l) U [% ,+ooj b) m e [l,+oo) c)me (— oo,—l]
5 5

d) m e[gﬁooj e) m e[— 1,5} f) m e(— oo,l]

Solution:

. . 2
We impose the conditions: m—1<0,A = (m +1) —4(m2 —1) S m<l

and  mZ+2m+1—4m? +4<0< m<1 and —3m> +2m+5<0

-1£J1+15 -1+4

m. = =
12 -3 -3

Hence m<1 and m e (—oo,—l]u[%,ﬂnj
= me (—oo,—l] .

The correct answer is c.
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AL - IX. 024 Let us consider the equation 3mx® + (2m + l)x +m+1=0, meR,

with the root x; and Xx,. Find a relation between the equation’s roots, which is
independent of m.

a) x, + X, = XX, b) x7 +x; =2x,x, ) x —x; =2x,x,
1
d) xl+x2+x1x2=—§ e) x +x; —3xx,=0 ) x7 +x; +xx,=0
Solution:
We will write the Viéte’s relations:
2m+l1 2 1
X, =5 X+ Xy=—5——
! R BT R
xlxz _W xlxz —g‘i‘%
1

= X+ Xy + XXy :_5
The correct answer is d.

AL - IX. 032 Let us consider the polynomial of second degree
fi(x)=mx? —(2m—1)x+m~1, (m#0). Find m such that the peak of the parabola

which corresponds to this mapping, it is situated on the first bisectrice.

gm=y  bm=t  Om=  Om=2  gm=g  Hm=6

Solution:
fo(x)=mx* =2m-1)x+m—-1  (m=0)
b 2m—1
Xy =—— Xy =——m
o207 om _2m-1
W= 2m
A (@m-1)" —dm(m-1) = 1
= ——— = — V=
yV 4a yv 4m 4m
. 2m-1_ 1 8mZ —dm +2m =0
Velbis=x=y>—=-"=
2m Am g2 5,
I\
m=0 m=-

The correct answer is a.
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4

AL - IX. 045 Solve the inequation 5x* —20x + 26> -
x°—4x+5

a)[-10) b E,Jrooj 901l  HR 9@  Hl-2.42)

Solution:
If we designate x> —4x+5=¢ we obtain

te [—1,0) U [§’+oo) , hence

4
C1<x?—4x+5<0 or x2—4x+52g — xeR

The correct answer is d.

AL - 1X. 053 Let us consider the equation mx> — x + m — 7 =0. Which of the below
intervals contains the real parameter m, such that the above equation has a unique root

in the interval [2,4] ?

TR S (I ET T R

Solution:

We impose the conditions:

(M f(2)-f(4)<0  si (2 A20

(1 (4m—-2+m-7)(16m-4+m-7)<0 <
11 9
5m=9)(17m-11)<0 —2|=1
(sm-9)(Tm-1) <0 me| 4.1,
() A=l—4m(m—7)20 hence: —4m?> +28m+1=0 :>m12:7i§\/5

Itresults A>0 for me { 5

7-5\2 7+5\/3}_I
2 7
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119
It is necesary that m to belong to / = L ni, ,hence =>me 17 5

The correct answer is e.
AL - 1X. 062 Find a,b € Z" such that the solutions of system

3£+3\/£:a
y X

x+y=>b
be integer numbers.

a)a=2;b=1 b)a=2;b=k c)a=2;b=2k
dya=2;b=-1 e)a=4;b=2k fla=2k;b=k
Solution:

If we cube the first equation, it results

—+ +3§/7 \/7 [ \/7 \/7 } we obtain the system

oA hence {7V =b
x+y=b ’ 2
xy= 7
(a—l) (a+2)
) b2 b a+l [a-2
t —bt+2—:0 = =2 1E——
(a—l) (a+2) “ 2 a-1\Va+2
The solutions of system are integer number if b =2k, ke Z
1 |a-2 1 [a-2
and 1ia+ a e”Z or beZ and 1ia+ a =2k, keZ
a-1\Va+2 a-1\Va+2

+1 |a-2 2 -2
14471 |4 :11[1+_j 7Ccz if a-le{-2,-1,1,2} and
a+?2
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_ 1 [a=2
a2 _ 2 e Zea=2b=2k kez |12 [y
a+?2 a-1\Va+2

for a=2 , so it remains only the first case.

The correct answer is c.

AL - 1X. 083 Let us consider the inequation v4 — x*> >1— x. Which of the below
intervals is the set of inequation’s solution?

a)(~0,-3) b) [%,20} o(-22] d@24%) o435 9 [# ,2}
Solution:
We impose condition 4 — x2 >0=>xe [—2, 2]
Case 1 1—x$0:>[1,oo)
Solution (1) [-2,2]"[1,0) =[1,2]
Case II 1-x>0 xe(-o,1)

In this situation we square the inquality

J7 1447

>

1—
2 2

4—x2 >l—2x+x2 :xe[

1=V7 1447 ) (147
2 72 ) o2

Solution 2 [-2.2] " (~o0,1) m[

1-+7 1-7
The final solution = Sol (1) USol (2) = [1,2] U{T[JJ = {T‘F 2}

The correct answer is f.
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2
AL - IX. 085 Solve the equation x2+( XJ =1.
T

a)x=1+2 b)x=+2=1 c)x=1—\/5i%\/2\/§—1
d)le_z\/zi\/%/z—l e)x:i%\/Z\E—l f)x=%(1—\/5i\/2\/5—1)
Solution:

We add in both members 2){%)
X—

2

We designate x—=y <:>(y2—2y—1=0)<:>
x—

i y=1+2
Ly=1-2

x—1

2
[x_:1+\/§]<:>(x2—x(l+x/§)+l+\/5=0):>xeg

(;—_21:1—\/5}<:>(x2—x(l—\/i)+1—\/§=0):>
:xe{%(l—ﬁixﬂﬁ—l)}

The correct answer is f.
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MATEMATICS - X
(symbol AL - X)

AL - X.009 Find the values of m € R such that the equation
(=1 1) = @rem) = (x-m 1),

wish the conditions x >m+1 and x > —5 , to have 3 real and distinct roots.

3 1
a) me¢ b) meR C)mER\{_E’_E}
d) me(—oo,—%}\{—%} e) m e(—oo,—%j f) m e(—%,ooj
Solution:

We write (x -m- 1)‘)C_l‘=1 (Zx + m) - (2x + m)‘x_l‘ =0

e m—1 x—1}-1
or =1 for 2x+m=0
2x+m

and it results |x—1|—1=0 ,hence x; =0 x, =2

x—m-—1

and =1, hence Xy = —2m—1 . The condition x—m —1> 0 leads to

2x+m
2
—3m—2>0 hence m<—§ ,and 2m—-1#0 and 2m-1%2

2 3
=>me (—oo,—gj\{—g}, x=0=m>0 implies m e %)
The correct answer is a.
AL - X. 031 If we have the expression:

E= \/(log)C 2+log, x—2)log, x + \/(log)C 2+log, x+2)log, x ,
find all the values of x € R such that E=2.
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»ll+0) wli2lo ) 0|
d) B ,2} \{1} e)[1,2]\ {%} £)(1,2) U (3,+)

Solution:
We impose the conditions x>0,x#1 y= log2 x=

B=r=1 (1) =ly-fe]ye

-2y, ye(—oo,—l)
E =12, ye[-11]

,(V)yeD \{0}

2y, ye(l,oo)
SE=2¢ ye[—l,l]\{o}oer,z}\{l}

The correct answer is  d.

gy I
x& . y® .28 =10

AL - X. 044 Solve in R the system: { x'e7'e . jlexlez . Jlexley —j000

xyz=10
ayx=10,y=z=1 b)x=y=10,z=1 )x=y=z=10
dx=y=z=10" e) The system has no solution in R Hx=1y=5z2z=2

Solution:
Not. Igx=u,lgy=v,1gz=¢t, x,y,z>0=>

uv+ut+vt=1
uvt =1 <:>w3—slw2+s2w—s3=0<:>w3—w2+w—1=0
u+v+t=1

= (W—l)(w2 +l) =0 = The system has no solution in R

The correct answer is €.
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AL - X. 051 Which is the maximum domain of definition D for the mapping:
FiDR. ()= Ci Gl

a) D={1,9,11} b) D={234} ©)D=(- oo,—l] NZ
d)D=[740) "N e)D ={2,3,4,5} fD=[16] N
Solution:

cKomkeRnzk

x2+10, 7x,5x+4,x2+3x—4eD,xeR*

< xe[2,4]nR={2,3,4}

2 .2 xe[-2,4]

7x>x2 +10 X2 —7x+10<0 xe[2,5]
=
S5x+4>x"+3x-4 x“=-2x-8<0

The correct answer is b.

AL - X. 058 Calculate the sum:

E=Ci+C! +.4+C +Cf

. v +C, , wheren ke Nn=>k.

AE=C! bE=C! oE=CY? dE=C} eoE=CY] DE=C;

n+l n+l n+l n+l n+2 n+2

Solution:
For n>k+1 we have C;]:qill = C,],(fl + C,]f1
If m take the values n,n—1, ..., k +1 we will obtain:
ckHl itk
=G
Cient =t G
ckHockvck vl it
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k+1 _ ~k k  ~k k k _ ~k+l
But Cry =Cp» hence Cy +C 1 +..+Cp  +Cp =C,

The correct answer is b.

AL - X. 068 How many terms which do not contain radicals there exists in the

16
binomial extension (3\/ x? +‘{/;) ?

a) One term b) Two terms ¢) Three terms
d) None e) Six terms f) Four terms
Solution:

The general term is

4(32-2k)+3k 128-5k

el ©kel0,16], kel =
12 12

k=4;k=16= Two terms do not contain radicals.

The correct answer is b.

AL - X. 079 Calculate
E=C)-C}'+C!-C’+..+(-D)"C* +...

a) E = 2cos b) E=~2" cos % c) E=~2" cos
4 6 4

d) E = 2sin % e) E=+2" i ) E=+2" sin 7
4 6 4
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Solution:

0 =(2) =
(1+i)" = (\/E)n (Cos%+i5in%j = */Z—n(c‘“%”sm%j

We have:
(1+4)" =0+ chiv 2 (1) + €3 (<) + Ch+ v B (1) v 2k (1) =
—0-c2rch-clu (1) 2 +i(C,11 o- e +)

= E =+/2" cos%

The correct answer is c.

AL - X. 087 Let us consider (a,,)

nx1

a sequence with sum of the first n terms
S, = n*+an+b,where a,b R, forall n>1.Find a and b such that the sequence

(an )nzl to be in arithmetical progression with the first termen equal with 2.

a)a=2,b=3 b) aeR,be(1,2) ©)a=1,b=0
d)a=2,b=0 e)a=2,b=1 NDa=1,b=2
Solution:
(2+an)n 2
a1=2; Snszn +an+b,(V)n21

2n+nay =2n% +2an+2b,(V)n 21
2n+n[a1 +(n—1)r]:2n2 +2an+2b

n2r+(2+a1—r)n:2n2+2an+2b,(‘v’)n21
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7’:2 }":2
a1=2a = b=0
2b=0 a=2a=2=a=1

The correct answer is c.

AL - X. 095 It is posibile that the numbers 7,8,9 to be elements of a geometrical
progression?

a) Yes, in order 7,8,9 with a ratio q<1
b) Yes, in order 9,8,7 with a ratio g<1
¢) Yes, in order 7,9,8 with a ratio q<1
d) Yes, in order 8,9,7 with a ratio q<1
e) No.

f) Yes, in order 7,9,8 with a ratio ¢>1

Solution:
8
Let 7 =¢" and Z=4"
8" 9"
It results — = qm+n and —-= qm+n
7 8
g" o™
We have: T == 77 .gM _ gimn
7 8
But 8=7+1 = 8™ can’t be divisible by 7, so the numbers 7,8,9

can’t be the terms of a geometrical progression.
The correct answer is €.

AL -X.098 LetbeneN,n>3and a, a,,...,a, the first n terms of a geometrical

_ n LB |
progression with a, >0,k =1,n . If S =Zak, S, =Z— and p=aja,...a,,
k=1 k=1 Ay

Then:

s S, ) s
= 2L b) p=| =2 = || 2L
a p (SJ ) P [Slj c) p (SJ
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2
S w an S, +S
d) PZ”(S_IJ e) p=5Sy =S, Dp=—c
2

Solution:

n
n n
-1 n 1 1 1 -1 1
qg-1 k:lalq @ @ g-1 ¢4

p= alnqququ—l _ alnq1+2+...+n—1 _n 2

The correct answer is c.

AL - X. 106 Determine the degree of the polynomials f € Z[X ] such that f(7)=5
and f(15)=9.

a)2 b) such polynomial does not exist c)3
d) 4 e)6 )8
Solution:

n—1

_ . .n
f=agx" +ax” " +..ta, x+ay

£(15)- 7 (1) =ag (15" =7" )+ (15" = 7" ) a, (15-7) =
4 =8k, kell, absurd

The correct answer is b.
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AL-X.114 Let f € R[X] be an at least 2 degree polynomial. If f* gives the
remainder 2 by dividing by X +1 si (X + Z)f(X) - Xf(X + 3) =1, determine the
remainder of fdivided by X — X —2.

)l- X 61+ X o)1 4)0 X’ - X -2 DX
Solution:
f(-1)=2
f (2) = —1; resulted from the identity of the division

f(X):(Xz—X—Z)Q(X)+mX+n; we conclude

f(—l):—m+n=2 m=-1
f(2)=2m+n=-1 :{

The correct answer is a.

=-X+1
n=1

AL - X. 126 Determine A and u € Q such that the bgd of the polynomials
f=2X’-7X*+AX +3 and g = X’ —3X’ + uX +3 is a second degree
polynomial.

adl=—lLu=2 b)A=u=0 )A=2,u=0
dAr=2,u=-1 eA=p=-1 HDA=0,u=2
Solution:

We divide and apply the Euclid’s algorithm

3 2 3 2

2X° -TX"+AX+3 X -3X"+puX+3

X3 r6x22uX—6 2

/-x%+(2-2p) X -3
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X33x2hux+3 | x?—(A-2p) X +3

—x3 4 (A-2u) X2 23X | X+(A-2u-3)

=(A=2u=3) X% +(u-3) X -3

—(A=2u-3) X2 +(A-2u)(A-2u-3) X —(2-2u-3)-3
[ (A-2u)(A-20-3)+ u-3]X +(12-34+64)=0

= =
(A-2p)(A-2u-3)+pu-3=0 [A=2
The correct answer is d.

AL - X. 130 Determine all the polynomials P e R[X ] , such that
P(x+1):P(x)+4x3 +6x? +4x+1 forany x eR .

a)kx’,k eR b)x* +x° -5 o)x* +k,keR
d)x’ +k,k eR e)k eR Hx* +x+k,keR
Solution:

P(x+1)—P(x)z4x3 +6x2+4x+1,(V)xeD:degreeP=4,

:>P(x)=ax4+bx3+cx2+dx+e;
_ 4 3 2 3 2
P(x+1)—P(x)a x 4+4x7 +6xT +4x+1|+b|x” +3x7 +3x+1)+
+c(x2+2x+1)+d(x+1)+e—ax4—bx3—cx2—dx—e=

—4ax> +(6a+3b)x? +(4a+3b+2c)x+a+b+ctd=dx +6x° +4x+]

6a+3b=6 b=0 4

= = = P(x)=x +k, kel
da+3b+2c=4 c=0
a+b+c+d=1 d=0

The corect answer c.
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AL -X.131 Let f € Z[X ] be a polynomial, which four different integer values it is

equal to p, p is a prime number. What are the integer values of x such that

f(x)=2p?

a) does not exist x €Z b) for any x €N c)for x=2k+1, keZ
d) foranyx €Z e) for x=2k, k eZ f) for x to be a prime number
Solution:

fla)=p, f(b)=p, f(c)=p. f(d)=p,
a,b,c,d e Z different.
:>f:(X—a)(X—b)(X—c)(X—d)g+p,gEZ[X]
It (3) Xy e Z: (X, ) =2p

(*) (XO—a)(XO—b)(XO—c)(XO—d)g(XO):+p:prime number

Tho equality (*) is impossible because p is a prime number. We conclude that
there isno X e Z cu f(xo) =2p

The correct answer is a.

AL - X. 138 Let P eR[X], P=aX®+bX*+cX +d, a,b+#0.Determine

the relationship hetween the coefficients a, b, ¢, d such that the roots of p are in
arithmetic progression.

a)3b> +27ab+9abc=0  b)2b> —27a’d +9abc=0  ¢)2b’ +27a*d —9abc=0
d)3a® +27abc-9bd =0  e)3c’ +27abc=0 f)2¢® +27a*d —9abc =0

Solution: We denote X5 Xy, %3 with: u—r,u,u+r;
+ XA + b

Xy +Xn +Xq =——

[ A B

c
xlxz + x1x3 + x2x3 = ; =

d
XqXnXq = ——
2% =77
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The correct answer is c.

b
U=——
3a
We tako out
22 2C = 26° +27a%d ~9abc = 0
a usir
()4
ulu®—r°|=——
a

AL - X. 144 Determine m €R such that the rocs x,, x, , x; of the ecuation

x* +2x% —mx +1=0 satisly the relation x;' + xj + x5 =24.

aym=0,m=-1 bym=1,m=-1
d)ym=0,m=-8 eym=—-1,m=3
Solution:

cm=0,m=1

Hm=4,m=0

(xl3 +x; +x§’):(x1 3,4+ x,) =3 (% 0 ) (0%, + X2 X )+

+3x)%, X3 = (—2)3 -3(=2)(-m)-3=-6m-11

2

x14 =—2x13 +mxl2 - X

x4——2x3+mx -X :x4+x4+x4——2(—6m—11)+m(4+2m)+2—2m +16m+ 24
2~ 2 2 2 1 27737 -

4

_ 3
Xy = —2x3 +mxy — Xy

= 2m% 1 16m+24=24 < m=0,m=-8

The correct answer is d.

+
AL - X. 180 Let z,,2,eC and x+iy=u . We have:

Z1 71,

2 2 2 s,
|z +|z,| |z,2,| 22tz

_ _ _Z 2

= y= b) x= 7

2 2
|ZI_ZZ| |ZI_ZZ| a5

a) x

y

. 22,2,

2 2
1 — 2,



| 374 | Problems of Mathematics

2 2 — — 2 2 — —
|Z|+|Z| z.z,+2zz |Z| |Z| z.Z,— 2,2
_ I~ 2 _ 414 142 _ 17 2 R ) 142
) x=——"7p-, =i———= d) x s V= 5
2+ 2| 2, + 2| 22| 2, - )|
2 2 — — 2 2
) |Zl| |Zz| _ 4%y TZ41% ) |Zl| |Z2| |le2|
€) xX= 2 - 2 - 2 - 2
|Zl Zz| |Zl _Zz| |Z1 _Zz| |Zl _Zz|
Solution:

ﬁ*ﬁ=(ﬁ+ﬁxa_ﬁ)=ﬁ%‘654%ﬁ‘ﬁ%=
1% 2 ‘22‘2 2 ‘22‘2

2 2

‘Zl‘ “Zz‘

ZZn —Z, 2
172 7172
+ ‘2

2
h‘%‘ h‘@
ﬁzzlz2_2122:>Z:le2_2122:_Z:>X_YZ'Z_X_YZ':>X:0’Y€D
X+Yl. =>Z=Yi>-iZ=Y

The correct answer is d.

AL - X. 189 Let z be a complex number such that |z - a| =+a’-b* , where,

a>b>0.Compute b=z .
+z

b a—b a’ —b> b a—b
a)a b) 1—; C) P d) m e) 1+; f) a+\/z
Solution:
e-df’ =(z-a)(z=a)=(z-a)(z-a) =z-z-a(z+)+a’ =
|Z|2 —2a.ReZ+a2 :a2 —b2 = |Z|2 :2a.Rez—b2
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|b z | b+z bz—z;—b(z—;)

lb+z| | b+z

b2 +b(z—;)+zg

‘bz P - 2ibim:

‘bz —aRez—-ibImz

2(a+b)Red]  [Re|Ja+|

\/(bz—aRez)2+b2 (Imz)2 \/(Rez)z (az—bz) a—b

|Rez|-(a+b) - |Rez|(a+b) - a+b

The correct answer is c.

AL - X. 207 Write the complex number in a trigonometrical form :
z = 1+ cosa - isino, where oe(0,m).

a a) .. a a .. «a
a) z=2cos—|cos| —— |+isin| —— b) z=cosa| cos—+isin—
2[ ( 2) ( 2)} ( 2 2)

o . . a ..«
c) z=4cos—(c0sa+zs1na) d) z=cos—+isin—
2 2
. a .. «a
e) z:cosa(cosa+zs1na) f) ZzZCosa(cosz—zsmEj
Solution:

a . . a o
We use the formulae 1+ cosa =2 cos2 3 and sina =2sin ECOS_

We have:

Z=2cos22—i25inzcos122cosz cosg—ising =
2 2 2 2

a a . a
=2cos—| cos| —— |[+isin| ——
2[ ( Zj ( ZJ}

The correct answer is a.
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AL - X. 216 Let ® be a complex root of the ecuation: z" = 1, neN " n>2. Whatis
the value ot the expression: S =1+20+30” +...+nw"".

2 S =1 by S =1 o §=-1""
w-—1 l-w w-—1
4 s=-"" &) S=n-w f§="92
l-w o-—1
Solution:

We have 0" =1 si l+o+a*+.+0" =0

multiplying the given relation by 1- @ . We have
(1-0)S =1420+30° +..+ (n-1)0" 2 + no™ !

—a)—2a12 —...—(n—l)a)n_l —na"

nw
We have (l—a))S:1+a)+...+a)n_l—na)n:—n
(l—a))Sz—n
g
w-1

The correct answer is c.
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MATEMATICS - XI
HINGHER ALGEBRA
(symbol AL - XI)

AL - XI. 011 What is the value of the parameter aeR for which there exists
x,y,z,t €R , not all of them equal to zero, surch that

ALl ) S R R P
X +y + Z] +1 = ?
12 1a-1 12 1 a 00
a)a=1 b)a=0 c)a=-1 d)a=2 e) a=-2 f)a=4

Solution:
By identifying the matrices

x=2y+z-t=0

1 -2 1 -1
2x—y+3z-3t=0 2 -1 3 3
= =0=a=0
xX+y+z+t=0 I 1 1 1
2x+(a—1)y+2z+at=0 2 a-12 a
The correct answer is b.
p L1
2 3
1
AL - XI. 035 Giventhe matrix 4=|0 1 E . Prove that 4", n > 1 has the form
0 0 1
la, b,
01 a,| anddetermine a, and b,.
00 1
+1 n(2n+5
a)anzﬁ,bn=n(n ) b)a,,z—,bnz( )
2 6 12
n(2n+1 n(3n+5
c)anzn“,,,—( ) PR CAL)
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a,=2n+3,b, =3n+7 ﬂan:2n4+l)bn:n(5n4+4)
Solution:
An+1=An'A©an+l=an+E;bn+1=bn+ +%
a _l’b :l:a :ﬁ, b =l|:1+2+...+(n—1)]+£:n(n_1)+£
L A T R S 3 2 3
bn:n(3n+5) Indeed,
24
1 .
I
1 1 1
/2=7{+5 /b/2_bl+z+§
1 2 1
B=hty }/3:?/2+;+§
1 n—-1 1
an—/Jn_l 5 bn=%/l_1+ 4 +g
ap =7 bn:l[l+2+...+(n—l)+—j

The correct answer is d

AL - XI. 042 Determine the values for the real parameters o si § such that the matrix:

B 124
A=|1 a 2 3| hasrank 2.
120 2 4
1 1
a)a=1p=1 b)a=—,f=1 ca=1p=—
2 2
1 1 1 1
da=——,p=1 e)a=-1p=— a=——,pf=——
) 2l3 ) p 5 f) 213 5
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Solution:
A second order determinant formed from the matrix A has to be different then
zero and all the third order determinants of A, have to be equal to zero.

B2 4

, 2 4 A

Fie 2=, 3:—2¢0: L=|1 2 3=2(B-1)=0
1 2 4

1 24 |
=p=1A,=|a 2 3=—2(20{—1)=0:a=5
2a 2 4

For those values:

NN N
Il
(=]

The correct answer is b.

AL - XI. 048 On which of the variation sets of the real parameters

B124
o and B the matrix |1 o 2 3|has rank equal to 3?
1 20 2 4
2
a) ae[-L1],p e[-14] b) a e(— 7,5},[3 €(0,2)
Jpel-13 (23
0’_ B _1a_ d _3,_ N O,l
c)ae(4[3€ > )ae SBe( )

e) ae{—%,l),ﬁe{%ﬁj f)oce(—%}}ﬁe(o,ﬂ
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Solution:
g 1 2 g 2 4 1 2 4
If|{l o 2(=0; |1 2 3|=0; |a 2 3|=0 <
1 2a 2 1 2 4 20 2 4
20 -2aff =0
1
= 2(,8—1)20 = For azz,ﬂ:l, the matrix has the rank equal to 2.
2(1-2a)=0

1
Sotherankis3ifa¢5 and S#l.

The correct answer is d.

x? x 1

AL - XI.057 Compute the determinant A =1 -y ¥

V2 _xy x?
a) A= (x2 +y)(l— xy)(x+y2) b) A= (x2 —y)(l —xy)(x—yz)
c) A= (x2 —y)(l—xy)(x+y2) d) A= (x2 +y)(1+xy)(x+y2)
e) A= —(x2 +y)(1 + xy)(x—yz) f) A= —(x2 —y)(l + xy)(x+y2)
Solution:
2y
Xy xy oy X Xy y
A=L X —xy xy2 =— x+x2y 0 xy2+y=
Y yo o o-=xy x Y xzy+y2 0 x2+y
x(1+xy) y(1+xy) x y
=- > :—(l—i-xy) =
xX“y+y xX“+y y(x +J’) Xty
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=—(1+xy)(x2 +y)(x—y2)

The correct answer is e.

AL - X1. 061 If a,b,c are the lengths of the sides of a triangle #,, &y, A, are the

1ah,-h
corresponding heights, what is the value of the determinant: A=l b h, -h,| ?
1ch-h,
a) A= abc b)A=0 ¢) A= a*+b+c?
d) A=1; e) A=2abc HA= %(ab+ac+bc)
Solution:
h, bh h
Because: S = Pa b _Te We have
2 2
1
1l a —
bc
1
A=as?| 1 — |=0
ac
1
1l ¢ —
ba
The correct answer is b.
X aaa
. . . la x aa
AL - XI. 076 Find the solutions of the ecuation =0.
a a x a
a aa x
a)a,—a,2a,3a b)a,—a,2a,—2a ¢) a,—a,—a,—3a

d)a,a,—a,-3a e) a,a,a,—3a f) a,a,—a,3a
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Solution:
x a a a |x+3a a a a 1 a a
a x a a |x+3a x a a 0 x—a O 0
= =(x+3a)
a a x a |x+3a a x a 0 0 x—a O
a a a x| |x+3a a a x 0 O 0 x-a

(x+3a)(x—a)3 =0:x1 =—3a,x2 =Xy3=x4=a

The correct answer is e.

AL - XI. 102 Determine the values of the real parameter m such that the following
system is compatible
x— my + 1 =0
2x + y- m=0.
3x+(m-Dy+m—-1 =0

a) {0,2} b) & c) {1,0} d) {-1,1} e) R\{-1,1} f) {3,2}

Solution:
1 -m
—-m 1
A=12 1 |; ‘:1+2m¢0 for m;t—z
3 m-1
I —m -1 1 -m -1
Apr=2 1 m|=l0 2m+1 2+m:6(1—m2):0
3 m—11-m |0 4m—-1 4-m
>m=1, m=-1
. 2 1
For m=-— A = 3120 Acar is the same
2 princ -
2
= me{-L1}

The correct answer is d.
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AL - XI. 110 Determine the parameters «, S €R
ax+pfy+z=1

such that the system {x+afy+z=p
x+py+az=1

has the solutions x=z=41, y=—%(1+/1), AeR.

a)a=2, =0 b) a=-2, f=2 c)a=p=1
d) a=p=-2 e) a=-2,0<R HaeR,f=0
Solution:

First method. If the system is simple singular (that is rank A=2, where A is the
coefficient matrix), then det A =0 <

a f 1
1 af 1 :,B(a—l)z(a+2):0
1 f «
01
If f=0,then A=|1 0 1 and x or z must be a parameter, which is not
1 0 o
possible.
1 g1
Ifa=1,then A=|1 f 1| andrank A=1,
1 g1
which is also not possible.
2 p 1
If a=-2,then A=| 1 -2 1 | ,andfor ##0, X orz can be considered as
1 g 2

parameter.

If zis considered as a parameter, then:



| 384 | Problems of Mathematics

2 p 1
Ay =|1 =28 p|=0 Sp=-2%0
1 B 1
If x is considered as a parameter then
g1 1
=necsec. : A, =2 1 PB|=0 <pf=-2=%0
g 21

1
Considering ¢ = f=-2 itresultsthat x=z=1, y= —5(1 + /’L) checks the system.

The correct answer is d.

ANALYTICAL GEOMETRY - XI
(symbol GA - XI)

GA - XI. 006 A line passing through the vertex B of the triangle ABC cuts the
median[AA’]and the edge[AC] in K, respectively 1. Determine meR checking
IC KA’
—_—m—
IA KA

aym=3 b)m:% cym=1 dym=2 e)mz% f)m=
Solution:

Let’s take the line BC, as x-axis, and the orthogonal line on BC passing
through A, then A(0,a) B(b,0) C(0,b). The midpoint A’ of BC has the coordinates

b+
A'( ZC,OJ, and an arbitrary line passing through B has the equation

(d) y=A(x-b)
. 2x y-a , _ _(ﬂb+a)(b+c)
(AA) bie . (AA)md—{K} hence xk_—2a+/1(b+c)
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If K divides [AA’] by the ratio s, then

b+c
Sy (ab+a)(b+o) KA 2(Ab+a)

T s T 2ava(bio) KA A(e-b)

(AC) o2 Denoting {J}z(AC)md ,
C —a
C(Ab+a)
It results that x, = ——— If
CAi+a
AJ  s'C  C(Ab+a) Ab+a AJ JC _KA'
== = S>s'=—=——=2—
JC l+s' Ci+a A(C-b) JC 4] KA

The correct answer is d.

GA - XI1.012 Let A(-1,0), B(2,0) be two points in the xOy — plane and M(0,a.) be a
moving point of the plane. One considers the pencil of lines passing through the
projections of O on the lines MA and MB. Compute the absolute value of the ratio the
lines of the pencil divide the line segment [AB].

1 1 2 7 1 2
a) — b) — c) — d) — e) — —
)3 )5 ) 5 ) 2 ) 3 f) 3
Solution: The equation ofMA is
(MA) -x+Z=1oy=ax+a
o
The equation of MB is:
(MB) il o1ey=-Zxia
2 «a 2
y=ax+d 2
y=—- a2+1 a2+1
a
2 ta
=——Xx
0 Y 2 0 2(12 4o
2 a2 +4 a* 4
y=—x



| 386 | Problems of Mathematics

(pQ); (a2 +;)x+a2 _ (a2 +1)y—a

a“+2 a

<:>a(x+2)—(a2+2 y=0=> x=-2, y=0

SN—

NA
The fixed point is N(-2,0). Then k=—=

S
A=

The correct answer is a.

GA - XI. 031 Write the equation of the straight line passing through the intersection
point of the lines:

(d)) 2x-3y+6=0, (dy) x + 2y - 4 = 0 and it is orthogonal on the line passing through
P(2,2) and cutting the x-axis at 4 units distance from O.

a) x+y-2=0 b)x-3y+4=0
)x+y-2=0six-3y+4=0 d)x-2y+4=0si6x+y-2=0
e)dx+y-2=0 Hx-y+2=0s5i3x+y-2=0
Solution:

The equation of the pencil is (2 + /1)x + (2/1 - 3)y +6-41=0 (1)
and the equation of a line passing through Pis y—2=m (x - 2) .
Imposing the line to pass through the point of coordinate (4,0) respectively (- 4,0), it

1
results m=—1, respectively m= 5 . Hence the equations of the two lines are:
(2) x+y—-4=0 and x-3y+4=0 (3) .
The orthogonality condition ia:
2+4 . 2+4
- =1 respectively — =-3=
24-3 24-3
1 . 11 . .
A= 5 respectively A = ? . Two lines are obtained:

51) X—y+2=0 (52) Ix+y-2=0

The correct answer is f.
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GA - X1. 038 Compute the value of the angle formed by the lines 2x -y - 5 =0 and
x -3y +4=0, which contains the origin.

a) 30° b) 150° c) 45° d) 135° e) 60° f) 120°
Solution:
The inclinations are: m, =2, m =l
1 273
1
2 _
1g0 =+ 31 =41 =0=45 9=1350 =9=45"
1+2—
3

The correct answer is c.

GA - XI. 054 A straight line moves by parallelism and intersects the coordinates axes
in M and N. Two lines of constant directions go through M and N. What are the locus
of the intersection point of the two lines ?

a) The midperpendicular of [MN]; b) a cyrcle;
c) a straight line passing through the origin; d) a ellipsis;
e) an equilateral hyperbola; f) a parabola.
Solution:

Let y=ax+b be the -equation of the moving line, then

b
M (—— , Oj; N (O,b) . The equations of the constant direction lines are:

yem[x+2] 0

y—a=myXx

The equation of the locus is obtained by eliminating the parameter b out of (1)=

y(a—m1)+x(m2 —a)m1 =0 (2)
The line (2) passes through the origin.
The correct answer is c.
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GA - X1. 092 Considering the cyrcle determined by the points A(1,1), B(2,0), C(3,2),
compute the length of the tangent segment to the cyrcle passing through the origin.

14 14 13 3
a) 1 b) 10 c)\/; d) ) f)\/;

Solution:
The center and the radius of the cyrcle are determined as follows:

(x—a)2+(y—b)2 =2

(1-a)* +(1-5)" =2

2 13 7 50
(2—a) 157 =2 :>a=—,b=—,r=£
5 5 6 6 6
3-a)” +(2-b)" =12
13 7
therefore Q(—,—) , and.
6 6
00% =012 + 12 = 01% = 00% - /2
1 4 1 14
36 36 36 36 3

The correct answer is c.

GA - XI. 101 Let C be the cyrcle centred in the origin and having the diameter
AB laying on the x-axis and of length 27, re (O,+oo) . Let I be another cyrcle tangent

to [AB] at N and having a variable center M e C . Find the locus of the intersection
point of the line MN and the common chord of C and I".

2 2
a) x2+(y—r)2=r2 b) (x+r)2+(y—r)2=4r2 c) al 2_y_2_ =0
v r
9
x2 2 2 2
) — + Y _1=0 e) 2+y—— = Hx==xr
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Solution:

C: x2+y2 :rZ;M(rcost,rsint),t;tO;ﬁ

:1":(x—rcost)2+(y—rsint)2 :r2 sinzt

I: x2 +y2 —2rxcost—27ysint=r2 sin2t—r2

C: —x2—y2 =2
o common chord: —2rxcost—2rysint = rsin2 t— 272
MN :X =rcost =—r2coszt—r2
g
2
2 2
5 ' ) . 22 5 2 (r —x)
=2x7 +2rysint =x" +r" = sint = +:>_2+T_1<:>
2ry r 4r
X
cost =—
r
<:>(x2+4y2—r)(x2—r2)20
U U
2 y2
—2+—2—1=0 0 (x=ir©t=0;7r)
rer
4
2 y2
Sty 1=
ot
4

The correct answer is d.

GA - X1.102 Let’s consider the cyrcle of equation x*+y* =7, ans the points P(a,0)
and Q(b,0). Let M, N be the ends a variable diameter of the cyrcle. Determine the
intersection locus of the lines MP and NQ.

a) x+by+ra=0 b) 42 2 =0
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2 (a+b)2

c)x+ zab2y2:r2 d)( +2ab) -i—yz—r2 >
a+b) a+b (a—b)

2 Y 2 AL
ottt
(a+b) a+ (a+b)

Solution: By noting M (r cos ., rsin a) , N(—r cosa,—r sin a) => the intersection

point R (x, y) of MP and NQ is obtained solving the system

e rsina x—a)
(MP) rcosa—a
) =
(NQ) |, _ _rsina_ ()
rcosa+b
) a+b a+b 2ab 2.2 2 2 2
rsina = y, recosa = xX— =rosin“a+r-cosa=r
a-— a-b a-b

The correct answer is e.

GA - XI. 104 Determine the locus of points from which the tangent to a cyrcle are
orthogonal.

a) a hyperbola; b) a parabola; ¢) an ellipsis

d) a cyrcle; e) a straight line f) an equilateral hiperbola
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Solution:

2.2

Let x“+y~ = R2 , be the equation of the cyrcle, then the orthogonal tangents

y=mx+R\/1+m2

1 [ (1)
y=——x+R 1+—2
m m

(y—mx)2 = R2 (1+m2)
By equaring (1) : 2)
(my—x)2 :R2 (1+m2)

= and eliminating the parameters m, it results the equation of the locus

x2 +y2 = 2R2 (3)

have the equations:

which is a concentric cyrcle of radius R\/E (the so called an Mong’s cyrcle).

The correct answer is d.

2 2
GA - XI. 108 Let E be the ellipsis of equation )CTHT ~1=0, let d, be a line of

equation: y =x + n,neR , and let P, Q be the intersection points of E and d,, . Write
the equation of the cyrcle C of diameter [PQ].

2 2
a)C:(x—%j +(y+4?nj =%(n2+5),neR
b) C:(x+zj2 +(y—4—nj2 z%(S—nz), nE(—\/g,\/g)

5 5

n : 3n 2 8
: —_— + [ [ — 2_ y R
c) C (x j (y 5 ) S(n 2) ne

d) C: (x—n)2 +(y—3n)2 =251, neR

e) C:(x—%jz +(y+l)2 =8n’, ne[—\/gx/g]

5

2
f) C:x*+ [y_4?nj =2T‘5n2, neR
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Solution:
{4x2 +y2 —4:0:{5x2 +2nx+n? —4=0

y=x+n y=x+n

2

xl,z:—niZ 5—-n : yl’2:4nni255—n ne(_\/g’\/g)

X; + X, V. +y 4 2
¥=—§; M:% V=g\/10—2n2

The correct answer is b.

2 2
GA - XI. 115 Let’s consider the ellipsis of equation: x_2 + y—2 —1=0,a>band let
a

F be one of the ellupsis focal point. A certain bisecant passing through F intersects the

ellipsis in M and N. Compute the value of E = L + L
FM FN
2a a a
a) E=— b) £ =— c) FE=—
‘ b? ) b? ) 2b*
2b b b
d E - (] E = — E -
) a’ ) a’ & 24’

Solution: Let M(xl,yl) and N(xz,yz) two points of the ellipsis, then
2

> 2

2
x
—5+ 2—1=0 =>x"-S+p=0
a” b

1ty =S=m(S—2c)
yzm(x—c) =

1Y, :P:mz(p—cs+cz)
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_ L1 My
FM FN FM-FN

P 2 N2 4(121)4 (1 + m2)2
MN:\/(xl_xZ) +(y1 y2) :\/(1+m )(S 4p)= (b2+a2m2)2
FM = (x1—0)2+y1 :\/(1+m2)<x1_0)2 =
FN:\/(xZ—c)2+y§ =\/(1+m )(xz—c)z
) ) b4(1+m2)
:>FM-FN=(1+m )‘P—CS+c =m
2a
gyl

The correct answer is a.

GA - XI1. 132 : U is a moving point situated on the tangent in A(a,0) to the elipse

2 2
* 2 1=0. The perpendicular in A to (OU) intersects the (Oy) axis in V. Find

_+__
2 b2

a, b such that AU-OV=12 and the point P(3,2) is situated on the elipse.

2

2 2 2
a2 1=0 b)x—+3i—1=0

18 8 36 16

2 2 2 2
C)x_+y__ =0 d)x_+y__ =0

16 12 12 16

2 2 2 2
X

_ y
?s-2) shevz) 362 —3) el

)—1:0
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Solution:

2
= V[O, %J, OVAU = a2 =12 The point B is situated on the elipse thus

9 4 3 4
St -1=0 S+ 1=0=b7 =16
a” a 4 b
2 y2
=>—+—-1=0
12 16

The correct answer is d.

GA - XI. 164 On the parabola y> =2px we consider the point M and its

symmetric point M with respect to the symmetry axis of the parabola.
Find the geometrical place of the intersection between the tangent in M’ to the
parabola and the parallel through M to the symmetry axis.

a) 2y> +3px =0 b) ¥ +3px=0 ¢)3y° +2px=0
d) 3y* +2px* =1 e) 2y> +3px” =1 f)3y° —2px* =1

Solution:
Let M (a, p ) be a point situated on the parabola.

ﬂ2 =2pa

The tangent at M has the equation: fy=p (x + a)
The parallel through M ' has the equation

,By:p(x+a) elimin )

y=-p :E 3y~ +2px =0 equation of a parabola
a,

ﬁ’z =2pa

The correct answer is c.
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GA - XI. 177 Verify if the straight lines (d;) and (d,) defined by:
(d):x=3+t,y==2+1,z=9+t, (teR)
(d2)1x=1—2s,y=5+s,z=—2—5s, (seR)

And in the affirmative case write the equations of the perpendicular to the plane

defined by (d;), (d,) which contains the point Py(4,1,6)

x-4 y-1 z-6
-2 -1 1

a) They are not coplanar b) Yes;

x-4 y-1 z-6 x-4 y-1 z-6

c) Yes; d) Yes;
-2 2 1 -2 1 1
+2y—-6=0 —2y-6=0

e) Yes ey f) Yes e
y—z+4=0 y+z+4=0

Solution:

Both straight lines contain the point My(7, 2, 13) so they are coplanar.
The parameters of the perpendicular to the plane defined B, d;, d, are

i j k
d1>< H=[1 11 =—6i+3j+3k
21 -5
the equations of the perpendicular are:
x—4 y-1 z-6
-2 1 1

The correct answer is d.

GA - XI. 188 Find the symmetric point of the origin O(0,0,0,) with respect to the

plane:7:x+y+z—-1=0

a) O'(l’l’lJ b) 0'( J c) 0'[2’__2’2)
3 3°'3°3

j f 0'(3,3,3)

33
ool222 9 0’
333

b 9

N | W
WA oW

SSHINN
WA oW

b b
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Solution:

The correct answer is d.

X 0
GA - XI1.195 The line (d): { Y is parallel with the plane P if:

a) P:dx+2y-3z=La=2 b) P:x+y+z=1a=0
c) Pidx—y+3z=0a=1 dPix—y-—z=0a=1
e) P:z=0;a=1 HP:x+y=0a=0
Solution:
xX=y —
d:{ ; 0,4A(LLa)ed=d=(LLa)
z=ay

P:4x+2y-3z=1= N =(4,2,-3)

N-d=4+2-3a=0 Ja=2
The correct answer is a.

GA - XI. 202 Given the points A(3,-1,0), B(0,-7,3), C(-2,1,-1). Find the value of the
) ) 2x-3y—-3z+9=0 |
parameter o such that the straight line (D) is parallel to the
X+ay+z+1=0

plane determined by A, B si C.

a) a=4 b) a=1 oa= —i d) a= —% e) a=0 f) a=-3

Solution:
The equation of the plane determined by A, B, C:
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x y z 1
P 13 -1 0 1 ' 3
ABC o 7 3 1_0:>PABC.y+2z+1_O
-2 1 -11

= A4=0,B=2,C=2

The straight line parameters:
1 m n I=-3+31
2 3 3|=>m=-5
11 1 n=21+3
Al+B-m+C-n=0=>41-4=0
The parallelism condition 121
f— =

The correct answer is b.

-1 +3 +2
GA - XI. 204 Given the straight line in the space (D) —= 24 = 272 and the
point A(0,3,1). Find the distence between A and (D).
a)2 b) 2,5 ¢) 2,63 d)3 e)5 f)0

Solution:
. . o MO(I,—3,—2)eD
From the strainght line equation it follows: ___
Vp =(18.8)
= AM ) =i-6j-3k
The distance between the point A and the straight lime (D) is given by the formula:

|@| 129

i j ok
because: AM(xVpy =1 =6 =3/ =-24i—nj+14k
1 8 8

| - 5[]

The correct answer is c.
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ELEMENTS OF MATEMATICAL ANALYSIS - XI
(symbol AM - XI)

AM - XI. 015 Find the limit of the sequence whose general term is:
(n2 + l)(n2 —-n+ 1)(172 —2n+ 1)

a, = o , n>1
(n2 + n)
a) e’ b) e c) e d) e’ e) e f)1
Solution:
We have
I-n 1-2n
—~ N -~ n
n2+n |n2+n n2+n |n2+n
(1 1-n jl—n [1 1—2nj1—2n
an = + . +
n2 +n n2 +n
1-3
1=3n ,
n2+n |n2+n
1-3n \1-3n 1 -2 _ _
'(1+ n} —e 1~ez'e3:e6

n“+n
The correct answer is b.
AM - X1. 020 What is the relation between the parameters a and b

such that: lim(a\/n l+bvn+2 +n+ 3) =07

a)a+b=0 bya+b+1=0 ca+b=1
dya=b=1 e)a=1,b=0 fa* = b*

Solution:

The limit is:

fim [a(m_mm(m-mp(m“)m}:

n—o0
= lim (a+b+1)Vn+3=0a+b+1=0
n—o0

Correct answer is b.



Problems of Mathematics | 399 |

AM - XI. 029 Evaluate: lim(l + L +..4 2;)
o\ 315 4n® -1

a) 1 b) 2 0) %

d)% e) f)3

Solution:

The limit becomes:

n n 1 1
N0k qp% -1 "P%k=1\2k-1 2k+1) 2

The correct answer is d.

AM - X1.079 Let f: (O,+oo) — R, be the function defined as

f(x) = [1 + ln(l + x) + 1n(1 + Zx) +...+ 1n(1 + nx)]l/x for every x>0.
Calculate liné f (x)

n(n+l) n(n+l)(2n+1) ,
a)l b) 0 c) e" d)e ? e)e 6 f) e™
Solution:
Using the properties of the logarithms we get:
7
Ly In(l+k)
o | Yk=1
1 1n[1+kx]
k=1

’fjk n(n+l1

Therefore lim f(x)=ek:1 =e 2
x—0

The correct answer is d.
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2—xxeQ

AM - XI. 107 Let there be the function f:R — R, given by f(x) = {2 R \Q'
X,X €

Determine the set of continuity points of the function f.

2 2
a) R \{3} bR 0)Q d) {5} e) & f) {o}

Solution:

2
We show that the function f'has only the point E as continuity point.
For this, let x, e R\Q and (xn )neN < Q with x, 1300
Then f(xn) =2-xy, oo 2 Xy # 2x0 = f(xo) ,hence f is discontinuous at Xo-
. 2
Taking now X € Q\{g} and (xn )neN cR\Q cu xy, 007 We have
f(xn) =2x, n:))OO 2xn #2— Xp = f(xo) , hence f'is discontinous at xy

0
If X :§ then for (V)(xn )neN’ Xy n:))ooxo , we have

4 2
f (xn ) " :))OO f (xo) = g , whence, by Heine’s theorem, f is continous at Xy = E

The correct answer is d.

AM - X1.009 Evaluate the limit Z = lim cos> - cos—=-...-cos— ,

n—»0 2 2 2"

where x eR\ {0} .

a)L=xsinx b)L:smx

c)L=sinx
X

sin x ¢) L = 2sinx fL-= sin2x
2x

dyL=
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Solution:
0 X e (—1,1)
1 =1
Since lim x" g
n—0 o0 X e (l,w)

does not exist, xe (—oo,—l]

1+xn(x2+4)

It is obvious that a,, (x) = is not defined at x =0 and x=-1

x(xn—i-l)
x" (lrl+x2+4) 2
i : X x“+4
We have nll_r)nooan (x)=nh_f)noo n( 1 j = . , for xe(—oo,—l)U(l,oo)
XUl x+—
X
1
We also have lim aq,, (x):{;’ xe(—l,O)U(O,l)
n—o0 N

Thus, we obtain

f(x)=43 x=1 Hence A4=R\{0,-1}

x~+4

, X€ (—oo,—l)u(l,oo)

X
Itis clear that f(1-0)=1%5=f(1+0)=3=f(0) whence D={l}.

The correct answer is b.

AM - XI. 012 Compute

1
L:limnk[a” —IJ(wfn_l —,/n+;J,for keN,aeR,a>0, a=l.
n—® n n+
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0k<3
0,k<3 0,k<3 Cnak=3
a)L={—Ina, k=3 b)L={—0,k>3 c)L= ©>3and 1
+oo, k>3 —Ina,k=3 Tk zoanda >
+ook>3anda<1
—wk<3anda<]1
k>3 1 0,k<3
d)L={+°O’ a> e)];{’ HL=<+wk>3anda >1
0,k<3 + 0, k>3
—Inak=0
Solution:

2 21 2
By using the inqualities ——1< {—} < —, we obtain:
X x] x

2 x x|2 2
——1l|=—<—=|—=|<—
(x ]3 3{x} X
x>0

2 2 2 2| 2
—'iﬁi <z ——1| for x<0, whence lim Xz =—,
x 3 3[x] 3\x =03l x] 3

x<0

2 20 2
= g for x>0, whence lim i[—} = 5

X
3 x—03|x

The correct answer is c.

n

AM - X1. 039 Calculate: lim ! Zcos T .
oo 3n+14 2n+k

1 1
2 b) 0 0) d) 5 o)1 f)2

!
4
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Solution:

Since: f'(O) = limM and f(O) =0, we have

x—0 x—0

n

2" 1
. f(x) T for x=—

/'(0)=1lim = fim { — X )

0 x x>0 n

0 1

—=0 for x=#—

x n

Hence f is differentiableat x=0 and f ’(0) =0
The correct answer is b.

AM-X1.142 Let f:R — R , be the function defined by f(x):min{x4,x5,x6,x7}.

Determine the points at which fis not differentiable.

a) {-1,0,1} b){- 1,0} ¢){0.1} d @ e){- L1} f) {o}

Solution:
The function can be writen as
x7, xe(—oo,—l]u(O,l] 7x6, xe(—oo,—l)u(O,l)
f(x)z xs, xe(—l,O] , whence f’(x)z 5x4, xe(—l,O)
x4, xe(l,») 4x3, xe(l,»)

Sy (1) =7%5=7,(-)
£,(0)=1,'(0)

and

fS'(l):7¢fd’(l):4.

Therefore f is not differentiableat x=-1 si x=1

The correct answer is e.
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AM — XI. 152 Let there be the function

f:DcR—>R, f (x) =4/x+8—6+x—1 . Determine the definition domain D

and the set M of the points at which f is not differentiable.

D =[1,) D =[1,10] D =[10,00)
a b) ©)

M=¢ M ={L,10} M ={10}
o D =l,) o D =[1,00)\ {10} D =1,0)

M ={1,10} M ={1} M ={10}
Solution:
Using identity

2
(3— x—l) =8+ x—6x—1= it follows

f(x)=\/(3_\/;)2 =|3—\/;| whence D =[1,0)

Expliciting the absolute value from the expresion of f (x) , we have

3—4x—1, 1,10
f(x)={ ’ xe[ ] , whence

Jx—1-3, xe(lO,oo)

1
-——, x¢(1,10)
f'(x): 21.x_1 ,
T xe(lO,oo)
1 1
fa'(1) = —o0; fS’(O):—g; fa’(lo):g. Hence M = {1,10}

The correct answer is d.

AM - XI. 159 Find the triplets of real numbers (oc,B,x) for which
Inx, daca x e(O,l]
The function  f: (0,+oo) >R, f (x) =
ax? +Px +y, dacd x e(l,+oo)

Is twice differentiable in (0,+oo) ?
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a)(1,-1.2) b) (_ 12— g) o (_ 11 ;j
o-323) o(32-) o323

Solution:
Successively we put the conditions that the function f to be continuous and twice
differentiable at 1. to be continous at 1, and twice 1 differentiable at 1.

f(1-0)=0, f(1+0)=a+pB+y=a+pB+y=0 )

L xe(0,1) fi'(1)=1
X

f(x)= =2a+8=1 (2)
2ax+f, xe(L,0) f,'(2a+p)
1
—— (0,1 "(1)=-1
R A A SEPRE
2a xe(l,oo) fd"za
1 3
(1).2)B)=a=-5, p=2 r=-3

The correct answer is d.

X

AM - XI. 178 Given the function /:R >R, f(x)=x"e 2, evaluate

L=1im f1")(0).
a) L =+ b)L=4 c)L:% d)L=0 e)L:—% f)L=2
Solution:
Applying the Leibnitz formula, for f (x) =u (x) . v(x) , Where
x

u(x) =e 2, v(x) = x2, we obtain

f(n) (x) = u(n) v+ C u(n_l) v+ C? u(n—Z) -v"+0
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fm)(O):%; L <—1>”2[;_<;—1>LO

The correct answer is d.

2x—1
x+3

AM - XI. 190 Given the function f:R\{-3} >R, f(x)= and the point

N

Xy =—-3+ - Write the equation of the tangent line to the graph of the function f

at the point of abscis x,,.

a)y=2x+4-214 b)y=2x+8+214 Q) y=4x+8+2414
d)y=4x+8-214 e)y=2x+8-214 f)y=x—4+2y14
Solution:
The equation of the tangent line to the graph of fat the point of abscis x, is
. . 7
y—f(xo)zf'(xo)(x—xo).Smcef(x)= 5
(x+3)

And f’(xo):2,then V-

—6+14-1 Jia
——F—=2| x+3——— |, whence
Jia 2

2

y=2x+8-214.
The correct answer is €.

AM - X1. 203 Solve the inequation 1n(x2 + 1) >x.
a)x e(O,+oo) b) x e(— oo,l) c)x e(— oo,O)

d)x e(l,+oo) e)x e(— 1,+oo) f) x e(— 00,2)
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Solution:
Taking

f(x) = ln(x2 +1)—x , we obtain

2 (-1’

f‘(x) = <0,
x2+1 x2 +1
Thus the variation table of fis.
X |- 0 1 0
2 0————-

f | O 0 0 0 -
Hence f(x)>0 for xe(—oo,O)

The correct answer is c.

2
T where a €R.
Vx® +1

Determine the value of @ for which the function f has an extremum point whose
distance to the Oy axis is equal to 2.

AM - X1.219 Let f:R — R, be the function gives by f(x)=

a)a=-11,a=12 ba=-12,a=11 ca=-12,a=12
d)a=_4’a=3 e)a=1,a=—2 f)a=4,a=7
Solution:

The conditions f'(—2) =0 and f'(2) =0
Determine the required values of a.

2 3 2
2x—a (x +1)—x +ax 3 _
Since f'(x):( ) - t2x-a we obtain

3/2 3/2°
(x2 + 1) (x2 + 1)

—8-4-a=0=>a=-12

8+4—a=0=a=12
The correct answer is c.
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AM - XI. 226 Let f:DcR — R, be the function defined by f(x)=\/ax2 +b,

where D is the existence domain of fand a,b €R . Find the values of ¢ and b such
that D is an interval of length 2 and f has an extremum value equal to 1.

a)a=1,b=1 b)ya=-4,b=-2 Aa=1,b=-1
d)a=0,b=2 e)a=-1,b=1 Ha=-2,b=0
Solution:

ax

\/ax2 +b

For that D to be an interval of minimum length it has to

We have: f'(x): ; f'(x):0:>x:0:>f(0):\/gzlz>b:1

A>0 —4ab >0
2 B I e e
K —4P—|x1—x2|—2 2= =2
1
=,]-——=1=a=-1 and b=
a

The correct answer is e.

AM - XI. 235 Find the set of values of real parameter a such that the function

2
5 o .
fR->R, f(x)= X taxto to have three dinstinct extremum points.
( ) Vx? +1
a)a €(-33) b)a (-2.2) c)ae{-22|
1
d)a e [— 2,2] e)a e(— oo,2)u(2,+oo) fa e(—5,7j
Solution:
3
Equating to zero the derivative: f '(x) - 3xta , we have

(xz + l)\/xz +1
x3 —3x+a=0 . Separating the real roots, by using Rolle’s sequence for the

equation: go(x) =x’—3x+a=0 we obtain w'(x) = 3x2 —-3=0, whence the

following variation table results:
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The correct answer is b.

AM - XI. 237 Determine the values of the real parameter m for which the equation
2Inx +x* —4x+m”> —m+1=0 has a real root greatest than 1.

aym &(10,11) bym e(-2,-1] oyme(-12)
d)ym e(2,+oo) e)ym e(— oo,—l) U (2,+oo) Hym e(— oo,—l)
Solution: Let

X =2lnx+x2—4x+m2—m+1
where: f( )

x>0

2
Fi(x)==+2x-4=02x% ~4x+2=0
It results: X , whence f ‘(x) =0 implies

X o= 1.
The Rolle’s sequence is

x | 0 1 4+
‘ — 0 m*—m-2 + 0
Putting the condition: m2 -m—2<0 itresult me (—1, 2) .

The correct answer is c.
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AM - XI. 266 Establish in which of the following intervals is laying the points c,
from Lagrange’s theorem applied to the function f :(0,00)— R, f(x)=Inx and to

the interval [1,2] )

2 (1,12) b (2,42) ) [\/5,

37

d) N,

24

Solution:
According to Lagrange’s theorem it results:

N | W
N—

1n2:%, Ce(1,2).

2 3
We have: e2<832<3ln2:ln2>§3C<5.

. 1 . . .
We prove that: C > \/E that is In 2 < —. It is sufficient to show that the relation

NG

(1) 1nt<i t >1 holds.

\/;a
1 t+1

Let g(t)zlnt—i, ¢t > 1.1t follows g’(t):—

\ﬂ t_2+\/;:
(V1)

=——-+—<0, for t>1, whence g is strictly decreasing function
2+\/;

and therefore relation (1) is proved. Substituting in (1) t =2, we get what we set

out to prove.

The correct answer is c.

AM - XI. 275 Let there be the interval [x1 , xz] of the length less than or equal to %

with x, < —x, . Find ce (x,,x, ) such that the functions f(x)=sinx and
g(x) =3cosx satisfy the Cauchy theorem on the specified interval.
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+ — +
a) X T x, b) X=X, o) Xt X,
2 2 2
X, Tx X, —X X, +Xx
d 1 2 e 1 2 1 2
) 3 ) 3 D 3
Solution:

According to Cauchy’s formula for the functions f and g, we have:

sin .x2 —sin xl cosc

/f(cosx2 —cosxl) _/ésinc

XA —X XA+ X
2sin 22 1cos 2 1

2 __cosc

XAy — X XA+ X sin

-2sin 2 1sin 271 ¢
2

xl+x2.

The unique solution on (xl,xz) is: C= 5

The correct answer is c.

AM—XLWSLaf{QqeR,m&wmmmmmmmefﬁyblﬁJmmﬁ%
X+

Lagrange’s theorem to the function for the interval [0,x], the point ¢ €(0,x), is
obtained, where c=0-x, 0<0<1 and 6=0(x). Evaluate: L= 111139 (x).

x>0

a)L=1 b)L=2 @L:% @L:% e)L=0 f)L=3

Solution:
By Lagrange’s theorem: f(x) —f(O) = xf'(@(x)), with H(x) =0-x cu fe (0,1)

1
(x+1)2

Since f'(x)z— , Vxe[O,l]
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We have: L—1=—1; ,Vxe(O,l)

x+1 [1+6-x]

Hence 9=9(x)= x+l-l
X
I - lim Vx+1-1

1
x—0 X E

,Vx e (0,1) , whence

The correct answer is c.
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HINGHER ALGEBRA - XII
(symbol AL - XI1I)

AL - XI1. 018 On the set R we define the composition low
x*y=2x+y,(V)x,ye R
Andwenote x,,, =x, *x;x, =x,(V)xeR.

Determine the natural number 7> 2 for which x,, =8(x, —x)-x, (¥)xe R

a)n>2 by neg c)n=6
d)yn=4 eyn=2 f) no answer is correct
Solution:

We have: Xy =X*X = 3x= (22 —l)x
Let us suppose x; = (2k - 1) x and we prove that:

Ak
X —(2 —l)x

X, *x=[(2k —l)x}*x:2(2k —1)x+x:(2k+l —l)x

(22” —1)x=8[(2n ~1)x-x]-x, vrel

SO

(22” —1)x=(8-2n ~8-8-1)x, Vrel

2n 2n

27 _1=8.2"-17 o 2°"_-8.2"+16=0

2
©(2”—4) =0 o 2"=4on=2
The correct answer is €.
AL - X11. 025 Let the operation ,,*” with real numbers be defined such as:

a*b=ma+nb+p (V)a,b € R . The system of constants m,n,p for which the
operation * is associative and non-commutative are:

a) (1,0,0); (0,1,0) b) (1,1,0); (0,1,0) ©) (1,1,1); (0,1,0)
d) (1,0,0); (1,1,0) e) (1,0,0); (1,1,1) (1,1,1); (1,1,0)
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Solution:
1=(a*b)*c=(ma+nb+p)*c=m(ma+nb+p)+nc+p

E2 :a*(b*c):a*(mb+nc+p):ma+n(mb+nc+p)+p

m(m-1)=0 (1)
from E; = E,=qn(l-n=0) (2)

p(m=n)=0(3)
Ec (3) can be satisfied in 2 cases a) m = n but then the operation * is commutative
and is not interesting for us, so a; b) p=0 and (1) and (2) had us both to 2 posibilities:

m=0 and n=0
m=1 and n=1 when * is commutative.

and m=1 and n=0
m=0 and n=1 when * is not commutative in which case it is interesting for us.

So the solution are: (1,0,0) and (0,1,0)

The correct answer is a.

00 0 1

1 000 .
AL - XI1.034 Let then be the set G ={ X"| X = ,neN

01 00

001 0

What is the symmetric of the element X'’ , with respect to the operation induced on
G by multiplication of the matrices?

0010 0100

0 0 01 0010
a) X b) c)

1 0 00 0 0 01

0100 1 000

1997 0O 0 0

0 1997 0 0
d) Ly e) f) no answer are correct
0 0 1997 O

0 0 0 1997
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Solution:
We have:
0010 0100
0001 0010
x2 - . X = . xt=1,
1 000 0001
0100 1 000
But 1997=4.499+1
499

The correct answer is c.
AL — X11. 039 For each n € N " we define the function
/RSR. f ( ) nx, x>0
: , f,lx)= :
! 0, x<0

Which is the symmetric of the element f 59, , with respect to the compositions of the
functions?
a) f] b) there iS none C) f2000 d) f2002 e) f 1000 f) f 1001

AL - X11. 039 0
nfy (x), fo (x >0m:> x>0

0 L fm(x)<o0 x<0

A
Inefe=teotn=0n o e=1
*
f20010fn :fn°f2001 =/ 200ln=1=nel
The correct answer is b.
AL — XI1. 040 We consider the set M = {a +b/2 a,be Z} having the multiplying
operation induced from R .

Which is the sufficient condition so that the element x =a + bﬁ admits an
inverse in the set M ?

a) There is no inverse of x in M. b) a’ —2b*> %0 ¢) a’—2b* ==+1
d) a>-2b* =2 e) a’—2b* =2 f) a> —=2b* =0
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Solution:

The inverse of x in M is the symmetric element of the operation x', that is:
x-x'=1or

(a+652)-(a+b'2) =1, aa'+26b'+42 (ab'+ba’) =1

aa'+2bb'=1 a 2b
Nec.: A#0, #0
ba'+ab'=0 a
or a® —2b% 20 (Condition)
But we still need
1 2b
0 a a
a'= =—cl] 2 2
and A A =a” -2b" =+1
, lla 1 _—b
A O A

The correct answer is c.

AL -XI1.041 E=RxR.Forany t eR, let the function f, : E — E , be defined by
¢ .

f,(x,y)z(x+ty+?,y+tj,(‘v’)(x,y)eE and the set G = {ft | t eR} having the

operation of composing functions. Which is the symmetric of the element f_, ?

a) g(x.7)=(x.) b g(x.7) = (%)

c)g(x,y)z(x+y,y—1) d)g(x,y)z(x—y+%,y—%j

1 1 1
osest-(revee) o3l
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Solution:
The neutral element is the identical function 1, = fO

f_lofzzft"f_lzfo
(i

ft(x—er%,y—lj:(x,y), V(x,y)eE
0

2
[x—y+%+t(y—l)+%,y—l+t]:(x,y), Vx,yel

The correct answer is e.

AL - XI1.051 We define on Cthelow *’**: z, %z, =z -z, +i(z1 +zz)—1—i.
Determine the neutral element, the symetrizable elements and determine
o €C, so that (C \ {oc} ,® ) be an abelian group.

a)e=l—i;z‘=2+lz;a=i b)ezl;z'zl_zl;az—l

z—1 Z+1

 +

ce=1+i;z'= 1+Z.;oc:2 d)e=—i;z'=Zl Z;a:—2

2z—i z—1

1 . 2—iz .
ee=2+i;z'=—;a=2 NDe=1-i;z'= —;a=—i

z zZ+1
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Solution:
zxe=z, Vzell #isobvionsly commutative
z(e+i)+ie—l—i:z Vzell =>e+i=1
e=1-i
2—iz

z-z'=l-i=>z'= -
Z+1

So any ze C\ {—i} is simetrizable so that (C\ {—i} ,*) is an abelian group

a=-i
The correct answer is f.

AL - XII. 058 Let be a group and a,be G so that : a® =b* =(ab)’. Which one of
the following equalities is true?

a)a'=b'=¢; b) a’ =b’=e; oat=b"=¢;
d) a’ =b’; e)a’ =b’; f)a® =b®=e.
Solution:

The equality a2 = (ab)2 can be also written as a2 =abab or a= bab(l)
The equality b2 =(ab)” is written b2 = abab = b = aba(2). From (1) and (2) we
have ab = (bab)(aba) < ab = b(aba)ba < ab= b3a

By multiplying on the right a, we get aba = b3a2 thatis b= b3a2 , and from

this b2a2 =e.As b2 = a2 the last equality can be written a4 =e or b4 =e

The correct answer is a.

AL - X11. 069 Let G={( ! y];x,yez3}.

Determine neN and the relation between x, y € Z, so that (G, -), G, € G make an
isomorphic abelian group with the group (Zn ,+) of the classes of modulo n rests.
a)x2+y2=1;n=4; b)x2+y2=1;n=9; c)x2+y2¢0;n=6;

d) x,y € Z3; n=9; e)x,ye Z;3;n=4; D x,y=0;n=09.
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Solution:

10 .
The neutral element is £ = ~ |- The X = ¥ V| element has an inverse
01 -y X
, oyt . ' ’ . ' L ' '
X'= A ifandonly if X-X'=X"X =E thatis xx'-yy'=1, xp'+yx'=0

The second relations is — = —2—= 4 . Replacing in the first one x'=Ax; y'=-A1y
X y

we get l'(x2 +y2 = 1) from where a solution is A'=1 and x2 +y2 =1. The

number of elements from G is 9 because x,y e {(A),i,ﬁ} The group (G,O) will

2.1,

So (G,O) is isomorphic with (Zn,+), so n=4

contain 4 elements because of the condition x2 +y

The correct answer is a.

AL - XI1. 071 Let (G, - ) be the multiplicative group of the matrices that have the
form:

,(ab,ceR).

Il
S O =
S =
R

Determine amony its commutative subgroups the isomorphic subgroup with the
additive group of real numbers, (R, +) .

0 b b 1 0 b
a0 1 ¢ b0 1 0 olo 1 0
0 0 1 0 | 00 1
1 a 0 I | 1 00
Hlo 1 ¢ &) |0 fplo 1 0
0 0 1 0 | 00 1
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Solution:
The condition of commutativity X -X'= X" X, when
1 ab 1 a' b'

X=|01c|, X'=|0 1 c¢'|,implies: ac'=a'c (*)
001 0 0 1

But (*) is not satisfied for any a,b,c € R in the cases of subgroups generated

by matrices d) and e).
So, the subgroup generated by a), b), ¢), and f) are commutative.

Now, we define f:(R,+)—>(G,-) by

1 0 x
f(x)=]0 10
001
1 0 x+x' 1 0 x||1 0 x'
Wehave  f(x+x')=[0 1 0 [010-01 0 |=rf(x) f(x)
00 1 00 1]|00 1

And f is a bijection.

The correct answer is c.

AL — XI1. 094 Calculate the expression in the field of the classes of modulo 11 rests.

E= é+5+§-; g
4 36)2
a) £E=0; b) E=1; ) E=2;, d E=3; e E=4; ) E=5.
Solution:
3 A Al 7B N |
£=34 =3.3=09; Z=7-2=3, 2=96 =10;
4 6 2

The correct answer is a.
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AL - X11.097 Let f,, k=1,n,be the automorphisms of the field (C,+,-), which
have the property that: f, (x) =x, (V)xeR.

Calculate S(z)= Zn:fk (z).

a)S(z)=0 b) S(z)=n ¢)S(z)=Rez
d)S(z)=Imz e)S(z)=2Re z f) S(z) =2Im z
Solution:

f(ﬁ“z)yf(zl)*f(zz) i f(zl‘zz)é)f(zl)'f(zz)’ Vzp,2y €U

So fi0 o0, f(xani)= P )+ £ (i) =T ()4 () £ ()=

% x+yf(i)

f(ﬁ):f(_giQifi.q; so f(i)=i= f(x+yi)=xtyi
1 U

()] P(2)=2 1(e)=3

(are morphisms and bijections)

3S(z)=z+;=2Dez

The correct answer is e.

AL — XII. 124 In the space R’ we consider the system of vectors:
B={, =(100). v, =(10). v =(LL1)}
Verify that sistem of vectors is a base in R® and find the coordinates of the vector
V= (3,1,—1) in this base
a) 7, =(1,0,0); b) 7, =(1,2,-1) ) ¥, =(2,2,-1)

d) ¥, =(2,2,0) e) 7, =(0.2,-1) n v, =(00,1)

Solution:
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B is a system of generators, if for ‘v’?(a,b, c)
we have (a =3,b=1c= —1):

I7(a,b,c) = alﬁ + ani2 + 0@73 = (0‘1’“2’0‘3) the coordinates of the vector ¥ in basis B.

a=a1+a2+a3 alza—b=2
= b= ay +ay = a2:b—c:2
c= as a3:c=—1

=V =(2,2,-1)

The correct answer is c.

AL - XI1. 129 Find 1 € R, so that the system of vectors

{0200 G2 )

forms a basis in the real vector space M, (R) with respect to summation and
multiplication with a scalar operations of a matrices.

7 7
? ) 2 © 2

) A=0 d)A1=2 e) A#2

AL - XII. 129

The system S is a basis iff it is linearly independent.

1 0 -1 A 1 0 -1 2
2 5 0 3 -3 0 -5 52+8
So 0o #
1 -1 3 2-4 2 0 4 1-24
-1 -1 -1 A+1 -1 -1 -1 A+1
1 -1 A 1 -1 2

=[-3 -5 5A+8/#0<=|0 -8 82+820
2 4 1-22 0 6 1-42
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—9+321-481-48%20<

%0 56 7
—16/1—56¢0<:>/1¢—g:__

-8 81+8
6 1-42

The correct answer is b.

AL - XI1.136 Determine the matrix associated to the linear mapping f : R*> - R?,
f(x1 ,x2)= (2)61 X+ x? ,—xz) in a pair of bases B, = {(2,1), (1,2)} — R? and
B, ={(2,1,0),(0,1,1),(0,0,2)} c R’.

21 ) 117
) b)21_1 yl2 2
2 12 -2 ¢
-1 -2 L ~1 -2
~ 1 2 _
NERE a5 NI
131 © 10 2
L __12 .

Solution: We have:

7(21)=a) (2,1,0)+a? (0,11)+a (0,0,2)
7(12)=ay (2,1,0)+a3 (0,1,1)+a3 (0,0.2)
or
(4,3,—1)2(26111,6111 +a12,a12 +2af)
(2,3,—2):(2a12,a12+a§,a§+2a§)
2a) =4 =a =2 2ah =2 =ay =1
=9a +ay = :a12= si = a£+a§—3 :a§=
a1+2af’=—l :>af’=—1 a% 2a3=—2 :a§=—2

The correct answer is a.
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AL —XI11. 140 Let be the linear transformation

f:R* > R?, f(x)=(=7x, +10x,, - 5x, +8x,), for every x=(x,,x,)e R,
Find the vector x € R* for which f (x) =0 and then search the values of x € R for
which there exists x € R*\ {(0,0)} such that f(x)=lx.

a) x=(0,0), 1 € {~2,2} b) x=(0,0), A {~2,3}
¢) x=(0,0), 1€{2,3} d) x=(0,0), 4 € {2,-3}
e) x=(0,0), 1 € {~2,-3} ) x=(0,0), 1 € {-3,2}
Solution:

£(x) =0 (=7 +10xy, - 5x, +8x, ) =(0,0) =

—Tx + IOx2 =0
. This homogenous linear system with 2 equation and 2 unknowns

—le + 8x2 =0
admits just the common solution x; =0, x, =0 because the system determinante is

-7 10 2
s g =-56+50=-6#0 . Therefore x=(0,0)eR .

f(x) =Ax (—7x1 + 10x2, —5x1 + 8x2) = (ﬂxl,ﬂx2) R
(=7-2)x +10x, =0
This system admits A = 0, solution if and only if the
~5x; +(8=4)x, =0
1 2
-7-1 10

system determinante A =
-5 8-1

‘:0<:>12—/1—6:0:> A =-2,2y=3

The correct answer is b.
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ELEMENTS OF MATHEMATICAL ANALYSIS - XII
(symbol AM - XI1)

111
= Lcos—, x#0
AM - X11. 001 Let be the function f:R —>R, f(x)=1 " x x x>~ ", Find

k, x=0
the value of the real parameter k for which fadmits primitives on R.

k=0 Db)k=1 <¢)k=0onk=1 d)k=2 e)keR f) does not exist k
Solution:

N
For x;tO,f(x)=(xsin—j . If f has primitives a R, letbe F:R—>R a
a

primitive of f.
1
Then F(x):xsin—+c, Vx#0,cel .
x

But F is continuous on R= F (0) =C

L _F(x)=F(0) 1 .
But F is derivable on R= F’(O) =K = lim —————= = lim sin—, an this
x—0 x—0 x—0 X

limit does not exist. Therefore, we obtain a contradiction, so f* do not have primitives on
R

The correct answer is f.

) e’, x e[— 1,0)
AM - XI11. 004 Let be the function f": [— 1,1] >R, f(x)= 5 .
x*+2,x¢€[0,]]

Which from be following assertion are true ?

e’ xe[—lO) e’" xe[—lO) e"+1,xe[—1,0)
a)F(x)=4 b F(x)={ ) F(x) =4 3
2x,x € [0,1] 2x+1,x 6[0,1] % +2,x € [0,1]

is a primitive of f is a primitive of f is a primitive of f
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e*, x e[— 1,0) e*, x e[— 1,0)
d) F(x)=+ .3 e) fnot is a primitive of |- L1| f) F(x)=1 2
X oix e[o.1] -] R €[0.1]
3 2
is a primitive of f is a primitive of f
Solution:
f don’thave Darboux’s property on [—1,1] = f don’t have primitive on [—1,1].
j‘”[_ 1 0) and j‘”[ 0 1} are continous but £ is not continous on [—1,1]

f[—l,l]=E,1ju[2,3]

| S —
Is not interval
The correct answer is e.

AM - X11.022 Compute the integral [/1+1g’xdx , x € (— 1,5]

22
1 1
a) In| tgx — +C b) In| tgx + +C
cos X cosx
1 1
c) In gx+—— +C d) In gx —— +C
sin x sin x
e) In(rgx + cosx)+C f) In(tgx — cosx)+ C
Solution:
With change variable tgx =t = x = arctgt = (0(t) we have
1 T
o'(t)= xe(——,—j:teR
0=z 272

1
3 dt=|

1
= +1 V2 41
[ 1
:ln(t+ 12+1j+C:1n(tgx+ j+C
cosx

The correct answer is b.

f\/l+tg2xdx:j\/l+t2~ dt =
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AM - XI1.031 Compute the integral / = Ide, where x e(—£,3—n) .

sinx + cosx 4 4

~ X I YR
a) I=In tg5+ C b) 1 —E(x ln|smx cosx|)+C
o) I=%arctgx+ C d) I =%(x—ln|sinx+cosx|)+C

1 . .
e)l = E(ln|s1nx - cosx|) +arctgx + C f) I= %(x+ln|s1nx+cosx|)+ C
Solution:

[=[— sin x d J=]— coS X v
sin x + cos x sin x 4+ cos x

I+J=[dx=x+¢q

cosx —sinx .

J—1I= +dx:1n|51nx+cosx +¢y
sin x + cos x

2I:x+c1 —1n|sinx+cosx|—c2

I = %(x—ln|sin+ cosx|)+k

The correct answer is d.

AM- XI1. 039 Find the primitives of the function

f)=vx+5-ax+1 +yx+10-6Vx+1, xe[38]

Jx+1P +C b)) Flx)=x+C ¢) F(x)=vx+1+C
x+C, xe[3,5]

d) F(x)=2Jx+1+C e) F(x)= g el +5-846+C, xelss]

f) F(x)=-5x+C

a) F(x)=

[SSRINN
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Solution:

(5+x)2 —16x—16=(x—3)2 (10+x)2 —36x—36:(x—8)2

3f(x) \/x+5+|x 3| \/x+5 |x 3| \/x+10+|x 8| \/x+10;|x—8|, xe[3,8]
/2x+ _\/: \/:_ /2x+ 9431
=x+c

The correct answer is b.

AM - XI1. 043 Compute the integral:

/ 2
I:J. I+x dx, x>0.
X
) I=V1+X>+C; b) I=A1+x> —In Vitat+l o
o I=v1+x%; &) I=v1+x> —In Vitat 41
) [ =x+\1+x% +C; ) I=v1+x>+In Viea® 4+l o

Solution:

2 2
1+x 1+x dx X
dv= = +f -
x\/1+x2 x\/1+x \/l+x2

1
2
where x\/1+x2 ! 1 T
2 2
x7+1 X

2 \j1+x2+1+c

=>I=V1+x" -In

The correct answer is b.
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AM - XI11. 052 Compute the limit of the sequence with general term:

3 \/ n \/ n n
a,=—|1+ + +..+ .
n|: n+3 n+6 n+3(n-1)

a)0 b) 2 c)1 d)e e)3 t)%
Solution:
3 1 1 1
ay =—|1+ 3+ 6+...+
" 1+ = += /1+73(n—1)
n n n
3n-l 1
a, =—
"Taiso [ 3
1+i—
n
1
We choose the function f': [0,3] >R f (x) = which is continous,
V1+x
3609 3(n—-1
hence it is integrable, the partition A[O 3] ={0,—,—,—, , ( ),3},
’ nnn n
36 3(n-1
and the points & :{O,—,—,...,u}
non n
3 dx 3
lima, = =2V1+x[n=2(V1+3-+1+0)=2
" ([)\ll—i-x 0 ( )
The correct answer is b.
1
AM - XI1. 066 Compute the integral F(ct)z-"0 |x2 +a| dx, ae R.
{ —a—%,as—l
a+—,a<0 4 )
a) F(a)= X b) F(a)= —ga —a+a+§,—1<asl
a——,a>0 |
3 a—§,1<a
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—a—l,aS—l —a—l,as—l
3 3
¢) F(a)= —ia —a+a+l,—1<a£0 d) F(a)= —ia a+l,—1<a<1
3 3 3 3
1 1
a+—,0<a a+—,1<a
3 3
a—l,aS—l
1 3
a+—,a<0 4
o F@=1 > D Fla)=|Java+a,~1<ax<
ava+a+—,a>0 i
3 a——,1<a
3
Solution:
1 [Rraxe(mo—a)o(¥as)
The 1% case a<l ‘x +dl = 5
2 g xe[aa]
1 3 1
F(a)=f—(x2+a)dx=— I tax }J=———a
0 3 3
The 2™ cas -1<a<0
—a 1
F(a)= | (—xz—a)dx+ | (x2+a)dx=——a —a+a+-—
0 NE
The 3" case O<a

The correct answer is c.

1
AM - XI1. 086 Compute the integral: I=J. x—dx
- |\/1—x—\/l+x|
2 I L
a)l=1 b)/=— c)/=0 d)/=-1 e)l=— I=——
) ) 3 ) ) )= f) 2
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Solution:
We have a integral of a impare function on a symmetrical interval
X

==

Hence 1 =0
The correct answer is c.

AM - XI1. 114 If ¢ (x) and 7, (x) are the solutions of the equation
£* +2(x—1)t+4=0,and

flx)= me'gxﬂtl (x)|, t (x]}, compute the integral j. £ () .

-2

a) 13—3\/5—21117_;*/5 b) 13—3\/§+21n7+23“/g
o) 13+3»\/§—21n7_23‘/g d) 13+3\/§+21n7_§"/g
¢) 13+3\/§+21n7+§\/§ f)13+3\/§—2ln7+23\/§

Solution:

The equation t2+2(x—1)t+4=0,has A=4(x2 —2x—3)=4(x+1)(x—3)

It xe(-13),A<0 and f.5,€C\R  with  |y|=|i[=2.  f

xe(—oo,—l]u[S,oo),AZO and tl,tzeR witht12=1—xi\/x2—2x—3

1—x—\/x2—2x—3,xs—1 |t ( )| 1—x+\/x2—2x—3,xs—1
x =
I RPN x—Vxt—2x-3,x23;

1—x+\jx2 —2x-3,x<-1
f(x)=42 xe(-13)

A x+VxZ —2x—3,x>3

|t1 (")| =

therefore
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Separately computing

1 =[Vx? 20 -3de = [4)(x-1)° —4dx:%(x—1)«/(x—l)2 ~4-2In

x—1+\/(x—1)2—4‘

Then
4 -1 3 4
[ f(x)dx= ]| (l—x+\/x2—2x—3jdx+ | 2dx+f(—l+x+\]x2—2x—3jdx=
-2 -2 -1 3
=13+3ﬁ+21n7_23‘/g

The correct answer is d.

1 2x+1

AM - XI1. 133 Compute the integral [ = 2 TR dx .
0 x" +2x" —x"—=2x+2
e T 3n 3n
a) m b) — c)0 d) — e) — —
) )4 ) )2 ) 2 f) 5

AM - XI1. 133

2
We have: x4+2x3 —x2—2x+2:(x2 +x—1) +1

1 (x2+x—l)'

I=] dx = arctg 2 rx-1)h=
2
Hence l+(x +x—l)

= arctgl — arctg(—l) = %—[_%j = %

The correct answer is d.

AM - XI11. 155 Compute the aria 4 of plane section bounded by the graph of the
functions

I BESHPNO.
fag[ 171]_)R9 f()C) 2’g(x) x2+1
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b4 T n 1
a)d=— byd=—-1 c)A=———
) 4 ) 2 ) 2 3

T T T
d)4=— e)Ad=—+5 A=—+1
) 6 ) 6 2 3
Solution:

1 1
A= 1] ()= (e(x)-1 (=)=

1 1 x2 1
= 5~ |dx=arcigx
“H{(x"+1 2

-1

The correct answer is c.

AM - XI11. 169 Find the volume of the solid body obtained by rotating around the Oy
axis of the plane domains between the curves y = Jx , y=2s51x=0.

T 32n 21w 35w 3=
a) — b) & c) — d) — e) — —
)7 ) ) s ) 5 ) o f) 3
Solutions:
2 2 32
4 Ty T
V:]Z' = = —
(J)y 4 5 10 5

The correct answer is c.

AM - XI11. 174 Compute the volume of the body obtained by rotating the subgraph of
the function f: [O,l] >R, f(x)=4 /x(l - x) , around the Ox axis.

a) g b) %2 ) g d) “22‘/5 e)1 f) 22
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Solution:

<
[
B}

x)dx; xX= sin2 t

v sin2 t cos2 t2sintcostdt =

/4

2
| sin® 21dt =
0

=
—~~
—
|

y

T

o—nyN o —

2 T

2z

—IN

sin tcos2 tdt =

2
2
(1—cos4t)dt = %

1
&N

The correct answer is b.



